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Abstract—In previous work we looked in detail at simulations
of our HTS Resistive DC SQUIDs (RSQUIDs) using a lumped-
component model and neglecting step-edge junction capacitance.
These can now be made with junctions that have a high product
of critical current and normal resistance (IcRJ) and so the
Josephson frequency can be above 1 THz. This calls for a
more refined model of the device, which we will present here.
The RSQUID series resistor is represented as a distributed
combination of resistance and inductance, rather than simply a
resistor in series with its self inductance. We now include junction
capacitance, as the Stewart-McCumber parameter can be close
to unity. We treat the RSQUID loop as a co-planar stripline,
rather than as an inductor. We report a range of simulations
with these enhancements to the model and comment briefly on
the results in relation to potential applications of RSQUIDs as
active microwave devices.

Index Terms—Superconducting microwave devices, SQUIDs,
Josephson oscillators, Josephson mixers, heterodyning.

I. I NTRODUCTION AND MOTIVATION

A resistive SQUID or RSQUID is a conventional SQUID
with a small resistorRs added in series with its loop.

Early RSQUIDs were RF-biased and were used for noise
thermometry (e.g. [1]) and thermal measurements [2], [3].
Niobium thin-film versions of DC RSQUIDs [4]–[10] found
similar uses. One such RSQUID [4] was used as a current-
controlled oscillator in the frequency range of a few kHz
to several hundred MHz. Here an external currentIs is fed
throughRs to cause the average voltages across the two junc-
tions to differ by IsRs. The different Josephson frequencies
mix together to produce a heterodyne frequencyfh given by
fh = (IsRs)/Φ0, whereΦ0 is the flux quantum.

Macfarlaneet al. [11] and Haoet al. [12] reported the first
HTS current-controlled RSQUID oscillator, operating from
20 to 60 K at frequencies from 1 to 50 MHz and they have
recently reported GHz HTS DC RSQUID oscillators [13]–
[15]. We are now interested in exploring the potential of these
RSQUIDs as mixers, using the internally-generated heterodyne
frequency as a tunable local oscillator. Since these process and
generate GHz signals, and have Josephson frequencies in the
THz range, a microwave model of our RSQUID is needed.
This is considered in this paper.
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II. M ODELING THE RSQUID

The simulation model has identical shunted Josephson junc-
tions with critical currentsIc and shunt resistorsRJ, as in
Fig. 1. Equal DC bias currentsIb/2 are fed to each half of
the RSQUID. The currentIs is fed through the series resistor
Rs. Ib andIs can be varied independently without interaction.
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Ib/2 Ib/2

RJ RJ

L/2 L/2

Is

Ic Ic

CJ CJ

Fig. 1. RSQUID model with added junction capacitanceCJ. The currents
Ib and Is are supplied by external DC sources.Rs = 9.5mΩ.

The series resistorRs has some self inductance and ways
of dealing with this are set out in SectionIV. Unlike our
previous analysis [16], [17], the model now includes junction
capacitanceCJ and the effects of this will be considered in
SectionV. The RSQUID loop is shown in Fig.1 as a lumped
inductanceL split into two equal parts, but in SectionVI
we will treat it instead as a co-planar stripline (CPS). We
shall conclude each of these sections with comments on new
features introduced by these enhancements to the model.

For simulation we use JSIM [18], with the addition of noise
sources [19] to allow the effects of a finite temperatureT to
be studied (though in this paper all simulations are atT = 0).
The JSIM output is low-pass filtered and time-averaged to
obtain the mean voltageVout(t) for a given value ofIb, to
derive theI-V curves. Statistical checks ensure the standard
deviation forVout(t) is acceptably small. The technique has
been proven with a wide range of junction and SQUID models
to confirm its accuracy [20].

III. D EVICE FABRICATION AND LAYOUT

The RSQUIDs are made from YBaCuO on MgO substrates
with step-edge junctions, see Fig.2. Full fabrication details are
in [13], [14] and more recent step-edge junction improvements
are in [21]. The resistorRs is made by depositing a layer of
Au over the 6µm wide gap between the two YBaCuO tracks
that are 50µm wide. For the device modeled in this paper the
tracks are 60µm long. The series resistor is long compared
with its width, to get a small value ofRs. It is 6 µm× 60 µm
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Fig. 2. RSQUID layout: (a) the complete device, (b) the effective form of the series resistor, (c) detail of the CPS part of the structure and (d) photo of the
CPS section. All dimensions are inµm. The labels CPS 1, 2 and 3 relate to the CPS analysis in SectionVI .

and its measured DC resistance is9.5 mΩ, consistent with the
separately-measured sheet resistance of the Au film at 77 K of
≈ 0.1Ω per square. This confirms that the contact to the Au is
predominantly at the inner edges of the YBaCuO tracks, at the
dashed lines in Fig.2(a), with negligible contact resistance. So
the structure forRs is as in Fig.2(b)—two YBaCuO tracks
with a gap filled by Au; the Au overlying the YBaCuO can
be disregarded.

IV. T HE SERIES RESISTORRs

It is essential to consider the self inductance of the YBaCuO
tracks that form part ofRs, since in principle this will add
to the total inductance of the RSQUID loop. We have shown
previously [16], [17] that RSQUID dynamics are quite strongly
dependent on the total loop inductance. We have also found
that the heterodyne amplitude decreases significantly as loop
inductance increases [22], so stray inductance withinRs needs
to be addressed and should ideally be minimised.

The impedance of the structure forRs is not simply a series
combination of resistance and inductance. This is because
at high frequencies the current densityJy(x) in the Au
(Fig. 2(b) ) varies with positionx, since parts furthest away
from the junctions are more isolated by the inductance of the
YBaCuO lines connected to the Au.Jy(x) is also frequency-
dependent. This calls for a more complex model.

Some simplified options that can be used in JSIM circuits
are shown in Fig.3: rather than being a pure resistance (a) or
a simple series combination of a resistor and an inductor (b),
we expect it to be represented better as a distributed network
of resistance and inductance, as in (c).

(a)

(c)

(b)

Fig. 3. Options for the equivalent circuit for the series resistor.

To analyze this we first determined the inductance per unit
length of the broad YBaCuO tracks in Fig.2(b) either side
of the Au, following Chang [23] for superconducting co-
planar lines. This gives 0.488 pH/µm, or a total inductance of
29.3 pH. Then, using theL-R ladder network in Fig.3(c) with
ten elements, we used QUCS [24] to determine the impedance

Z(f) of this network as a function of frequencyf . This
has a resistive componentRs(f) in series with an inductive
componentLs(f), so thatZ(f) = Rs(f)+2πjfLs(f). Rs(f)
andLs(f) are plotted in Fig.4.
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Fig. 4. The equivalent resistanceRs(f) and inductanceLs(f) for the series
resistor structure.

A different analysis by Fasthenry [25] and a model made
up from both superconducting and resistive films gave similar
results forZ(f) and also confirmed our tacit assumption that
the inductance of the Au is negligible.

Fig. 4 identifies some significant issues. First, even at
f = 0, the effective inductance is much less than 29.3 pH,
simply because not all the current flows through all parts of
this inductance. Next, althoughRs has its DC value up to
≈ 100 MHz, at higher frequenciesRs(f) increases, since then
only a small part of the Au carries the current—much of the Au
filling in Rs is isolated at high frequencies by the inductance of
the YBaCuO tracks. Lastly, above≈ 10 GHz, Ls(f) → 0. So
for currents in the RSQUID at typical Josephson frequencies,
Ls ≈ 0.

To explore these issues we used JSIM to generateI-V
curves for the circuit in Fig.1, but with Rs modeled in turn
as either Fig.3(a), (b) or (c). These are shown in Fig.5.
From these and Fig.4 we conclude the differences between
the simpleR-only model and the more complexL-R network
are small, and fortunately for most purposes the inductive part
of the series resistor structure can and should be set to zero.
The L + R model wrongly adds significant inductance and
is substantially different and unrealistic at all voltages, so it
shouldnot be used.
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Fig. 5. I-V plots for different models for the series resistor structure. (a)
At lower voltages there is a small difference between theL-R network and
R-only models. (b) Above≈ 500 µV the L-R network andR-only models
are indistinguishable, so in (b) theR-only data has been omitted for clarity.

V. JUNCTION CAPACITANCE

Our experimental RSQUIDs [13], [14] have 2µm-wide
step-edge junctions and from [26],CJ ≈ 18 fF. Ic is
temperature-dependent and for some cooled samples rises to
250 µA; with RJ = 8 Ω the Stewart-McCumber parameter
βC = 2πIcR

2

J
CJ/Φ0 = 0.87, so we expect junction capaci-

tance to play a significant role in devices dynamics. Similar
junctions used as detectors for THz imaging [27] have higher
values ofIc and clearly show hysteresis below 20 K and also
show sub-harmonic steps in theirI-V curves when irradiated
at 0.6 THz, which may be attributable to junction capacitance.
Mitchell and Foley [28] estimated10 < CJ < 40 fF from the
onset of hysteresis. So in what follows we setCJ = 18 fF.

As SectionVI shows, the total capacitance of the lines in
the CPS model is 2.3 fF, which is much less thanCJ. So
this line capacitance can be ignored at low voltage, where
no transmission line resonances are excited. There is then a
damped resonance between the junction capacitancesCJ/2 in
series and the RSQUID loop inductanceL. The CPS model
(SectionVI) shows thatL = 21.2 pH. The resulting resonance
is centered on 346 GHz or 716µV, as shown in Fig.6 for a
simplified RSQUID model.
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Fig. 6. Resonance of the junction capacitanceCJ and loop inductanceL.

Our previous JSIM modeling of an RSQUID withCJ = 0
[16], [17] showed itsI-V curve has self-induced steps due to
fh, and atfh ≈ 50 GHz sub-harmonic steps and other features
appeared, but there was no evidence of chaos. For the present
work, with CJ 6= 0, there is a region in theI-V curve that has
chaotic behavior. It extends symmetrically each side of the
voltage corresponding to the dampedL-CJ/2 resonance, as
Fig. 7(a) shows forfh = 1.15 GHz. The width of this region
is largely independent offh. It is associated with a peak in the

amplitude of the Josephson AC voltages, seen as a peak in the
heterodyne amplitude, as shown in Fig.7(b). It is not present
for CJ = 0 and its voltage position scales as≈ 1/

√
CJ.
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Fig. 7. The resonance in Fig.6 introduces a chaotic region in theI-V curve
centered on 716µV (arrowed).fh for this plot is 1.15 GHz

The equations for an RSQUID withCJ 6= 0 are third order
and so can have chaotic solutions under some conditions [29].
This is a complex system with a very rich dynamical behavior
and a six-dimensional parameter space (CJ, L, RJ, Rs, Ib and
Is). Exploring it fully is beyond the scope of this paper, but
Fig. 8 shows representative features of parts ofI-V curves
for a range of values offh. Fig. 8(a) shows the transition
as Ib increases, from regular steps into a chaotic state, and
there is clear evidence of subharmonic steps at higherfh in
Figs.8(b)-(d). The frequencies cover those of interest for mixer
applications, and as they may be used at low temperatures, the
noise rise due to chaos may be important. A more complete
analysis atT 6= 0 for these RSQUIDs configured as mixers
with external signal injection will be reported elsewhere.
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Fig. 8. (a) Onset of chaos atfh = 2.3 GHz above 498µA, which largely
obliterates the steps. (b) At 4.6 GHz some parts of1/2-integer steps are visible
within the chaotic region of theI-V curve. (c) At 16.1 GHz1/2 and 1/4
steps can be seen. (d) A region at 18.4 GHz showing1/2, 1/3 and1/4 steps.
The horizontal bars show the voltagefhΦ0. All plots are for CJ = 18 fF,
RJ = 8Ω andRs = 9.5mΩ. fh is changed by varyingIs.
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Fig. 9. L-C ladder model of co-planar striplines 1, 2 and 3. The inductance and capacitance values shown are for each element in the ladder, and each
CPS has 10 elements. Resistors (not shown) have been added across each capacitor to include the effects of dielectric loss in the MgO, as given in [30]. The
voltage source represents the AC Josephson voltage of one junction. Resonances are detected at pointX.

VI. A CO-PLANAR TRANSMISSION LINE MODEL

The highIcRJ product for our RSQUIDs means that they
can be biased at 3 mV or more, where the Josephson frequency
is > 1 THz. At such frequencies the part of the RSQUID
loop not covered by Au in Figs.2(a) and (c) should be
treated as a co-planar stripline (CPS), rather than as a simple
lumped inductance. Similar issues have been considered for
DC SQUIDs on SrTiO3, where such resonances are at very
much lower frequencies, due to the high dielectric constant of
SrTiO3 [31]–[33].

We represent the CPS in three parts, as shown in Fig.10,
corresponding to the sections marked CPS 1, 2 and 3 in
Fig. 2(c). We expect quarter-wavelength (λ/4) resonances
to be excited in the sections either side of the junctions.
Rs is effectively a short-circuit at these resonant frequencies
(> 1 THz): its impedance is purely resistive (Fig.4) and
although it is higher than its DC value, it is still much less
than any of the CPS line impedances.

Rs

J1

J2

CPS 1 CPS 2 CPS 3

7µm 8µm 10µm

Fig. 10. Simplified CPS model for the RSQUID. The spacing between the
tracks iss, their width isw and the line length isℓ; dimensions are in TableI.
J1 and J2 are the junctions.

We derived the inductanceL0 and capacitanceC0 per unit
length from standard elliptic integral expressions [34] and
expressions for kinetic inductance [31]–[33], [35]. The MgO
dielectric constantǫr = 10 at ≈ 1 THz [30]. Table I has the
data, including the characteristic impedanceZ0 for each part.

TABLE I
PARAMETERS FOR THECPS RSQUIDMODEL SHOWN IN FIG. 10.

s w ℓ Z0 L0 L0ℓ C0 C0ℓ
CPS (µm) (µm) (µm) (Ω) (pH/µm) (pH) (fF/µm) (fF)

1 4 2 7 132 1.09 7.66 0.062 0.44
2 4 2 8 132 1.09 8.75 0.062 0.50
3 6 50 10 60 0.48 4.78 0.132 1.32

JSIM does not have a balanced 4-port CPS model—its
transmission-line model is unbalanced with all of one side
at ground potential. So for this structure we followed standard
practice and modeled each CPS as anL-C ladder network, We
first set up a QUCS circuit, as in Fig.9, for AC simulation
up to 10 THz. Fig. 11 shows the CPS have variousλ/4
resonances. The lowest is atfλ/4 = 2.664 THz.
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Fig. 11. The AC amplitude at pointX in Fig. 9, showing some of the lower
λ/4 resonances. The broadLCJ/2 resonance below 1 THz is still present.

TheL-C networks for the CPS were then incorporated into
a JSIM model. The series resistor was modeled as a pure
resistance of9.5 mΩ. We find the Josephson frequency, or
one of its harmonics, excites this resonance at 2.664 THz.
Fig. 12 shows how the fundamental, and also the second and
third harmonics excite this resonance and introduce features
in the I-V curve. Other fundamental resonances at higher
frequencies can also be found.
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Fig. 12. Excitation of the lowest CPSλ/4 resonance (a) at the Josephson
frequency and (b) by its second and third harmonics.

The CPS model shows thatλ/4 resonances are unlikely
to seriously affect our RSQUIDs at frequencies of current
interest. However, future designs, which may have additional
CPS structures, may need to consider adverse effects of
such resonances. But we note that the fundamental resonance
markedly changes the slope of theI-V curve and we will
study this as a way to potentially enhance the sensitivity of
an RSQUID as a tuned mixer or detector.
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