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Abstract – Nuclear magnetic resonance (NMR) and magnetic resonance imaging (MRI) are 
widely used techniques across numerous disciplines. While typically implemented at fields 
> 1 T, there has been continuous interest in the methods at much lower fields for reasons of 
cost, material contrast, or application. There have been numerous demonstrations of MR 
at much lower fields (from 1 µT to 1 mT), the so-called ultra-low field (ULF) regime. 
Approaches to ULF MR have included superconducting quantum interference device 
(SQUID) sensor technology for ultra-sensitive detection and the use of pulsed pre-
polarizing fields to enhance the signal strength. There are many advantages to working in 
the ULF regime. However, due to the low strength of the measurement field, acquisition of 
MRI at ULF is more susceptible to ambient fields that cause image distortions. Imaging 
artifacts can be caused by transients associated with non-ideal field switching and from 
remnant fields in magnetic shielding, among other causes.  In this paper, we introduce a 
general theoretical framework that describes effects of non-ideal measurement field 
inversion/rotation due to presence of these transient fields. We illustrate imaging artifacts 
via simulated and experimental examples. 
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SQUID, sensor, pulsed pre-polarizing field, MRI imaging, imaging artifact, switching transient, remnant 
field, magnetic shielding 

 

I. INTRODUCTION 
 

Nuclear magnetic resonance (NMR) and magnetic resonance imaging (MRI) are widely used 
techniques across numerous disciplines. NMR provides powerful probes of local and 
macromolecular chemical structure and dynamics. Due to utilization of magnetically shielded 
enclosures, pre-polarizing magnetic fields and improvements in superconducting quantum 
interference device (SQUID) sensor technology allowing ultra-sensitive detection in a pulsed 
field environment, it has become possible and practical to perform MR at very low fields (from 1 
µT to 1 mT), the so-called ultra-low field (ULF) regime [1], [2]. Despite a reduction in sample 
magnetization compared to conventional (> 1T) NMR/MRI, the ULF regime has a number of 
unique features that can be advantageously exploited: imaging in the presence of metal or even 
through a metal container [3], low susceptibility artifacts, and enhanced T1 contrast [4], [5], [6]. 
In addition, ULF NMR/MRI with SQUIDs is compatible with simultaneous measurements of 
bio-magnetic signals, a capability conventional systems cannot offer [7], [8], [9], [10].  
     The disadvantage of reduced sample magnetization associated with low fields can somewhat 
be mitigated by pre-polarization and the use of sensitive detectors such as SQUIDs. However, 
one significant disadvantage of ULF MRI is that, due to the low measurement field, acquisition 
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of MRI at ULF is more susceptible to ambient fields that can result in image distortions.  There 
are several sources of both static and dynamic ambient fields. A widely used technique to 
measure the NMR signal at ultra-low fields consists of polarizing the sample in a large field Bp 
~100 mT, then switching off Bp in a time short compared to T1 and observing the free induction 
decay (FID) of the magnetization of the sample at a low field Bm. Switching off Bp inevitably 
results in a transient field arising from currents proportional to the rate of change of the magnetic 
field dB/dt induced in any conductive materials (e.g. other components of the experimental 
apparatus and surrounding equipment).  Typically ULF NMR/MRI experiments are conducted 
inside an electro magnetically shielded enclosure that consists of several layers of mu-metal 
and/or aluminum. The residual magnetization of the high permeability layers results in static 
residual field.  Transient fields are produced from eddy currents in the high conductivity layers 
due to the polarization field ramp down. 
      Effects of a static inhomogeneous residual field (a remanence field) and the technique for 
correction of such artifacts are analyzed in [11]. Here in this work we consider effects associated 
with a spatially homogeneous but time dependent transient residual field arising due to switching 
of direction of the measurement field. This residual field prevents us from ever achieving a true 
non-adiabatic (or adiabatic) condition of the inversion of the measurement field. As we shall 
show, it is failure to attain a true non-adiabatic condition that introduces the ghost artifact we 
consider here. In this paper, we introduce the general theoretical framework that describes effects 
of non-ideal measurement field inversion/rotation in the context of a gradient echo MRI protocol 
and illustrate associated imaging artifacts via simulated and experimental examples. 
 

 

II. THEORY 
 

A. Background 

A gradient echo pulse sequence is one of the simplest pulse sequences used in ULF MRI. An 
example of such a sequence - 3D Fourier multiple gradient echo imaging - is shown in Fig. 1. 
The sequence consists of pre-polarization (Bp), phase encoding (Gy and Gz), and several echo 
intervals created by inverting both the measurement field (Bm) and the readout gradient (Gx). 
Typically the measurement field is inverted in order to compensate for the effects of its non-
uniformity. During each echo interval, one complete line of Cartesian k-space is acquired. The 
images are obtained for each echo. The echo images can be analyzed together or separately to 
obtain ଶܶ

∗ሺܚሻ maps.  
      In the pulse sequence described here the polarization (Bp) and the measurement (Bm) fields 
are orthogonal. 
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Fig. 1. Gradient echo imaging sequence. Here ࢜ࢀ ,ࢋࢀ ,ࢀ, and ࢉࢇࢀ ൌ ࢋࢀ denote duration of the corresponding 
time interval. 

At several points during the pulse sequence fields are switched. For example Bp is removed after 
polarization and Bm is inverted between echoes. In the ideal case wherein the fields are switched 
non-adiabatically (i.e. the angular velocity of magnetic field rotation is much higher than the 
Larmor frequency), the magnetization remains aligned and precession of the bulk magnetization 
is directly observable without additional spin tipping RF pulses [12]. However, in addition to the 
measurement field and the gradients presented during the phase encoding and echo intervals, a 
residual field Br arising from transients, or residual magnetization of the shielded room, is also 
present. This residual field prevents us from attaining a true non-adiabatic condition.  

B. General Theory 
 

To understand the consequences of not attaining a non-adiabatic condition we will consider 
solutions of the Bloch equation for the Fourier multiple gradient echoes imaging sequence. 
Neglecting relaxation, the evolution of the nuclear magnetization m in the presence of a 
magnetic field B is described by the Bloch equation, which we will write in matrix notation [13]: 

 
ௗܕ

ௗ௧
 ષൈ ⋅ ܕ ൌ 0. (1)

Here the matrix ષൈ, called a rotation generator matrix, defines the rotation about vector ષ ≡  :۰ߛ
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 ષൈ ≡ 
0 െܤߛ௭ ௬ܤߛ
௭ܤߛ 0 െܤߛ௫
െܤߛ௬ ௫ܤߛ 0

, (2)

where ߛ is gyromagnetic ratio, and the subscripts (x, y, z) refer to the Cartesian components of 
the vector. The cross notation, which denotes a rotation generator matrix associated with a vector 
(in our case the matrix ષൈ, pronounced “omega-cross”, associated with the vector ષ), is inspired 
by the relation ષൈ ⋅ ܉ ≡ ሾષ ൈ  ሿ and attributed to Prof. W. Kahan of the University of California܉
(Berkeley) [14]. It is important to note that a rotation generator matrix is skew symmetric and 
traceless, so ષൈ ൌ െષ෩ൈ (here and later the tilde sign denotes a transpose matrix) and 
traceሼષൈሽ ൌ 0. 

      The change with time of the magnetic field ۰ሺݐሻ can be described quite generally by a 
rotation and a scaling: 

 ۰ሺݐሻ ൌ ఠ

ఊ
⋅ ܀ ⋅ መ܊ , (3) 

where ߱ ≡ ߱ሺݐሻ is the instantaneous precession frequency, ܀ ≡  ,ሻ is a proper rotation matrixݐሺ܀
i.e. rotation without a reflection, which has the following properties: ܀෩ ൌ ሻ܀ଵ, detሺି܀ ൌ 1; 
assuming that ܀ሺݐ ൌ 0ሻ is an identity matrix, and ܊መ  is a unit vector parallel to ۰ሺݐ ൌ 0ሻ. 

It is convenient to consider equation (1) in the rotating frame of reference that continuously 
follows the rotation of the magnetic field. To obtain the equation for the magnetization vector in 
the rotating frame, ܕ′ ≡  we use the usual approach to change the frame of reference ,ܕሻݐ෩ሺ܀
(see for example [15]). Expressing the derivative of the magnetization vector in the laboratory 
frame through the derivative of the magnetization vector in the rotating frame: 

ܕ  ≡ ᇱܕሻݐሺ܀ ൌ ୢ

ୢ௧
ܕ ൌ ୢ

ୢ௧
ሺ܀ሺݐሻܕᇱሻ ൌ ܀ୢ

ୢ௧
ᇱܕ  ܀ ᇲܕୢ

ୢ௧
. (4)

Substituting this last equation into equation (1), and using the identity ൫܀ ⋅ መ܊ ൯
ൈ
≡ ܀ ⋅ መ܊ 

ൈ ⋅  ෩ we܀
get the following equation for the evolution of the magnetic moment in the rotating reference 
frame: 

 
ᇱܕࢊ

࢚ࢊ
 ൫߱܊መ 

ൈ  ෝൈ൯ܝ߰ ⋅ ′ܕ ൌ 0, (5) 

where 	߰ܝෝൈ ≡  ,constitutes a fictitious magnetic field in the rotating frame of reference ݐ݀/܀෩݀܀
߰ is the instantaneous angular velocity of magnetic field rotation, and a unit vector ܝෝ is the 
instantaneous axis of magnetic field rotation. The solution of equation (5) can be written as: 

ሻݐሺ′ܕ  ൌ ܕሻݐሺ܃
ᇱ . (6) 

Here ܕ
ᇱ ≡ ݐሺ′ܕ ൌ 0ሻ is a constant vector and matrix ܃ሺݐሻ satisfies the following differential 

equation: 

 
ௗ

ௗ௧
ሻݐሺ܃  ષ

ൈ ሻݐሺ܃ ൌ ݐሺ܃ ,0 ൌ 0ሻ ൌ ۷, (7) 

where ષ
ൈ ≡ መ܊߱ 

ൈ   ෝൈ constitutes the effective magnetic field in the rotating frame ofܝ߰
reference. Because the matrix ષ

ൈ  is skew-symmetric and traceless, the matrix ܃ሺݐሻ is a proper 
rotation matrix [15]. 
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     In the particular case, relevant to this work, wherein the effective magnetic field depends on 
time in such a way that for any times ݐ and ݐ′ the matrices ષ

ൈ ሺݐሻ and ષ
ൈ ሺݐᇱሻ commute, i.e. 

ષ
ൈ ሺݐሻ	ષ

ൈ ሺݐᇱሻ ൌ ષ
ൈ ሺݐ′ሻ	ષ

ൈ ሺݐሻ, the evolution matrix ܃ሺݐሻ is: 

ሻݐሺ܃  ൌ ି݁ ષ
ൈ ൫௧ᇲ൯ௗ௧ᇲ


బ . (8) 

This commutation requirement, which is equivalent to the requirement that for any times ݐ and ݐ′ 
the cross-product of the effective magnetic fields is zero, i.e.	۰ሺݐሻ 	ൈ ۰ሺݐᇱሻ ൌ 0, simply 
means that the direction of the effective magnetic field is constant. In practice this means that the 
magnetic field congruent with this condition rotates about a fixed axis with an angular velocity 
proportional to the magnitude of the field, i.e. ߰ሺݐሻ ൌ ܽ|۰ሺݐሻ|, where ܽ is a constant. 

      Here it is convenient to note that if the eigenvectors of a matrix constitute an orthonormal 
basis then a matrix exponent can be written as: 

ۯ݁  ൌ ∑ ݁ఒೖܞܞ , (9)
where ሼܞሽ and ሼߣሽ are eigenvectors and eigenvalues of the matrix A , i.e. ܞۯ ൌ  , andܞߣ
ܞ ⋅ ܞ ൌ  .,ߜ

Any skew-symmetric matrix ܉ൈ of the third order (associated with a vector ܉) has the following 
eigenvalues [16]: ߣ ൌ ݅݇ܽ, ሺ݇ ൌ െ1,0,1ሻ, ݅ ൌ √െ1, ܽ ൌ ሽିଵܞThe eigenvectors ሼ .|܉|

ଵ  are not 
uniquely defined - any complex multiples of these eigenvectors are also eigenvectors. One 
convenient way to select the eigenvectors of the matrix ܉ൈ is: 

ܞ  ൌ ො܉ ≡ േଵܞ ,|܉|/܉ ൌ ሺ܊መ േ ሻ/√2,  (10)܋̂݅
where ܊መ  is any unit vector orthogonal to ܉ො, ̂܋ ൌ െ܉ො ൈ መ܊ , i.e. ൛܉ො, መ܊ ,   .ൟ is a right handed set	܋̂

Transforming equation (6) into the laboratory frame of reference, we have: 

ሻݐሺܕ  ൌ . (11)ܕ෩ሺ0ሻ܀ሻݐሺ܃ሻݐሺ܀

Here it is important to highlight two limiting cases: a) an adiabatic transition, wherein the spin 
precession frequency is much higher than the angular velocity of magnetic field rotation, i.e. 
|߱| ≫ |߰|, and b) a non-adiabatic transition, wherein the spin precession rate is much lower than 
the rate of magnetic field rotation, i.e. |߱| ≪ |߰|. In these two cases, a) and b), we can safely 
neglect either the ߰ܝෝൈ or the ߱܊መ 

ൈ term of the effective magnetic field ષ
ൈ , respectively, to 

solve equation (7). 

      In the first case – adiabatic – the direction of the magnetic field is constant in the rotating 
frame and the solution of equation (7) is: 

ሻݐሺ܃  ൌ ݁ିఝሺ௧ሻ܊መ బ
ൈ
, (12)

where ߮ሺݐሻ ൌ  ߱ሺݐ′ሻ݀ݐ′
௧
 , so that the resulting magnetization in the laboratory frame is equal to: 

ሻݐሺܕ  ൌ መ܊ሻ݁ିఝሺ௧ሻݐሺ܀ బ
ൈ
. (13)ܕ෩ሺ0ሻ܀

      In the second case – non-adiabatic – the solution of equation (7) is: 

ሻݐሺ܃  ൌ ሺ0ሻ, (14)܀ሻݐ෩ሺ܀
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which simply means the magnetization in the laboratory frame is constant, i.e. ܕሺݐሻ ൌ  , onܕ
the time scale 1~ݐ/߰. 

      In the intermediate case, which arises due to presence of transient magnetic fields, ߰ is on the 
order of ߱, so we need to account for the both the ߰ܝෝൈ and the ߱܊መ 

ൈ terms in the solution of 
equation (7). Further on we will consider examples of such intermediate cases, in which solution 
of the equation (7) can be expressed by equation (8). 

 

C. Gradient Echo Sequence 
 

Now we will apply this formalism to a gradient echo pulse sequence (see Fig. 1). We start by 
analyzing the sequence after polarization field ramp down to keep the formalism which follows 
as simple as possible. We note that non-idealities associated with Bp ramp down will only 
influence the initial magnetization ܕ and do not impact the ghost artifact we are considering 
here. These effects can be analyzed separately (see for example [11]). The Bp ramp will also 
create a transient magnetic field present during the phase encoding and readout intervals. While 
not considered explicitly here, the effects of this transient field are included in the rotation matrix 
 ሻ that describes the field inversion between echoes. Neglecting the effects of the concomitantݐሺ܀
gradients, which are considered in detail in [17], [18], and assuming that the measurement field 
Bm is aligned along z-axis, the fields during this field sequence are: 
1. Phase encoding, ݐ  ݐ ൏  :ଵݐ

 ۰ሺܚሻ ൌ െ ଵ

ఊ
ሺ߱  ሺ  ሻݏ ⋅ ො௭, (15)܍ሻܚ

where ߱ ൌ   are Larmor frequency gradients along the  and , is Larmor frequencyܤߛ
phase encoding and the frequency encoding directions, respectively, and ݏ ൌ േ1 is the sign of 
the readout gradient during phase encoding. We assume that the frequency encoding direction is 
orthogonal to the phase encoding directions, i.e.  ⋅  ൌ 0. Here we are neglecting residual 
fields because the primary field, i.e. the measurement field and the gradient, is large and constant 
during this interval. The duration of this interval is ܶ. 

2. Field inversion, ݐଵ  ݐ ൏  :ଶݐ

 ۰ሺݐሻ ൌ െఠሺ௧ି௧భሻ

ఊ
ݐሺ܀ െ ଵሻݐ ⋅ ො௭. (16)܍

Here the instantaneous Larmor frequency ߱ሺݐሻ and the rotation matrix ܀ሺݐሻ are such that 
߱ሺ0ሻ ൌ ߱ሺ ܶ௩ሻ ൌ ߱, and ܀ሺ0ሻ ൌ ሺ܀ ,۷ ܶ௩ሻ ൌ ݁గܝෝ

ൈ
, where ݁గܝෝ

ൈ
 is a rotation by angle ߨ 

about an axis within the x-y plane defined by unit vector ܝෝ: 

ෝܝ  ൌ cosሺαሻ ො௫܍  sinሺαሻ ො௬. (17)܍

Here α is angle between magnetic field rotation axis and x-axis. Note that the matrix ܀ሺݐሻ 
incorporates the effects of the residual fields. The duration of this interval is ܶ௩. 

3. First echo readout, ݐଶ  ݐ ൏  :ଷݐ

 ۰ሺܚሻ ൌ ଵ

ఊ
ሺ߱   ⋅ ො௭. (18)܍ሻܚ
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The duration of this interval is ܶ ൌ 2 ܶ. 

4. Field inversion, ݐଷ  ݐ ൏  :ସݐ

 ۰ሺݐሻ ൌ ఠሺ௧ି	௧యሻ

ఊ
ݐሺ܀ െ ଷሻݐ ⋅ ො௭. (19)܍

5. Second echo readout, ݐସ  ݐ ൏  :ହݐ

 ۰ሺܚሻ ൌ െ ଵ

ఊ
ሺ߱   ⋅ ො௭. (20)܍ሻܚ

6. …etc. 

The evolution of the magnetization with time during the first echo is: 

,ܚሺଵሻሺܕ  ሻ′ݐ ൌ ݁ିሺఠబାೝ⋅ܚሻ௧ᇲ܍ොൈ ⋅ ݁గܝෝ
ൈ
ି܃ ⋅ ݁

൫ఠబାሺ ା௦ೝ ൯ܚ⋅ೝሻ ்܍ොൈ ⋅ , (21)ܕ

where ܃േ is the solution of equation (7) with matrix ષ
ൈ ൌ േ߱ሺݐሻ܍ො௭ െ  during the ݐ݀/܀෩݀܀

field inversion interval, and ݐᇱ ≡ ݐ െ  .ଶ is the time during the first echo intervalݐ

      It is convenient to re-write equation (21) using eigenvectors of the rotation generator matrix 
 :ොൈ܍

,ܚሺଵሻሺܕ  ᇱሻݐ ൌ   ܳᇲ,
ሺିሻ ⋅ ݁ି

ᇲሺఠబାೝ⋅ܚሻ௧ᇲ ⋅ ݁൫ఠబାሺ ା௦ೝ ൯ܚ⋅ೝሻ ் ⋅ ᇲܞ ⋅ ሺܞ ⋅ ሻܕ

ଵ

ୀିଵ

ଵ

ᇱୀିଵ

, (22)

where the summation coefficients ܳᇲ,
ሺേሻ are defined by the following equation: 

 ܳᇲ,
ሺേሻ ൌ ᇲܞ ⋅ ݁

గܝෝൈ ⋅ േ܃ ⋅ ܞ ;ܞ ൌ േଵܞ ,ො௭܍ ൌ ሺ܍ො௫ ∓ ො௬ሻ/√2. (23)܍݅

Introducing k-space coordinates [19] we can write equation (22) as: 

,ܚሺଵሻሺܕ  ሻܓ ൌ   ܳᇲ,
ሺିሻ ⋅ ݁ି

ᇲܓೝ⋅ሺܚାܚబሻ ⋅ ݁ሺఝାሺܓା௦ೝܓబሻ⋅ܚሻ ⋅ ᇲܞ ⋅ ሺܞ ⋅ ሻܕ

ଵ

ୀିଵ

ଵ

ᇲୀିଵ

. (24)

Here ܓ ൌ ܓ  ܓ െ ܓ , whereܓ ൌ  ܶ and ܓ ൌ  are the phase encoding and ′ݐ
frequency encoding k-space coordinates respectively, ܓ ൌ  ܶ is the extent of the MRI data 
acquisition in k-space coordinates along the frequency encoding dimension, ߮ ൌ ߱ ܶ, and 
ܚ ൌ ߱/|| is the absolute offset of a field of view along the frequency encoding 
dimension.  

      Integrating equation (24) over the sample volume, the MRI signal measured during the first 
echo of this sequence may be written as: 

 ܵሺଵሻሺܓሻ ൌ   ܳᇲ,
ሺିሻ݁ఝబ න ܶᇲ

∗ሺܓ, ,ܓሺܧሻܚ ሻ݀ܚᇲ,ሺܯሻܚ
ଷݎ

ଵ

ୀିଵ

ଵ

ᇲୀିଵ

. (25)

Here ߮ ൌ ߮ െ ,ܓሺܧ , the spatial encoding functionsܚܓݏ ,ܓሻ and ܶᇲሺܚ  :ሻ are defined byܚ

,ܓሺܧ  ሻܚ ≡ ݁൫ܓା௦ೝܓబ൯⋅ሺܚାܚబሻ, (26)

and 
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 ܶᇲሺܓ, ሻܚ ≡ ݁
ᇲܓೝ⋅ሺܚାܚబሻ. (27)

      The offset of a field of view along the frequency encoding dimension ܚ can be always set to 
zero by demodulating the measured signal. The spatial sensitivity map ܯᇲ,ሺܚሻ of a MRI system 
is defined by the following equation: 

ሻܚᇲ,ሺܯ  ≡ ሺ۴෨ሺܚሻ ⋅ ܞᇲሻሺܞ ⋅ ሻሻ, (28)ܚሺܕ

where a vector function ۴ሺܚሻ, sometimes called "lead field," describes the response of a sensor to 
a unit magnetic dipole at the position ܚ. Specifically ܨ௫ሺܚሻ is the magnetic field flux through the 
pick-up coil of a sensor generated by a unit magnetic dipole aligned along x-axis. 
Correspondingly ܨ௬ሺܚሻ and ܨ௭ሺܚሻ are the magnetic field flux due to dipoles aligned along y- and 
z-axis. Due to the reciprocity principle, ۴ሺܚሻ is equal to the magnetic field at the position ܚ 
generated by unit current in a sensor pick-up coil. 
 
D. Comparison between Adiabatic and Non-adiabatic Field Switching 
 

In the non-adiabatic case we have ܃േ ൌ ݁ିగܝෝ
ൈ
, see equation (14), resulting in ܳᇲ,

േ ൌ  .ᇲ,ߜ
Substituting this expression into equation (25) we will obtain the following equation for the 
detected MRI signal: 
 ܵሺܓሻ ൌ ݁ିఝబ  ݁൫ିܓାሺܓೝି௦ೝܓబሻ൯⋅݁ܚఏషభ,షభሺܚሻܫሺܚሻ݀ଷݎ+c.c.,  (29)

where ܫሺܚሻ ൌ หିܯଵ,േଵሺܚሻห, and ߠᇲ,ሺܚሻ ൌ arg൫۴෨ሺܚሻ ⋅ ᇲ൯ܞ  arg	ሺܞ ⋅  ሻሻ. Note that theܚሺܕ
function ܫሺܚሻ is the module of the image we reconstruct by applying a Fourier transform to the 
measured MRI signal, and ିߠଵ,ିଵሺܚሻ is the phase map of the reconstructed image. In equation 
(29) and later c.c. denotes the complex conjugate of the preceding term. 

      In the adiabatic case we have ܃േ ൌ ݁∓ఝ܍ො
ൈ
, where ்߮ ൌ  ߱ሺݐሻ݀ݐ

்ೡ
  (see equation (12)). 

Direct evaluation of equation (23) using, for example, Rodrigues’ Identity: 

 ݁ఝܝෝ
ൈ
ൌ ۷  sinሺ߮ሻܝෝൈ  ൫1 െ cosሺ߮ሻ൯ሺܝෝൈሻଶ, (30)

gives ܳᇲ,
ሺേሻ ൌ ݁థߜᇲ,ି, where ߶ ൌ ∓்݈߮  ሺ݈ᇱߙ െ ݈ሻ   ,. Using this expression toߜᇲ,ߜߨ

simplify equation (25) we will obtain: 

 ܵሺܓሻ ൌ ݁ఝభ  ݁൫ܓାሺܓೝା௦ೝܓబሻ൯⋅݁ܚఏషభ,భሺܚሻܫሺܚሻ݀ଷݎ+c.c.,  (31)

where ߮ଵ ൌ ߮  ்߮  -is angle between magnetic field rotation axis and x ߙ and recall that ,ߙ2
axis, see equation (17). 

Comparing these two expressions, i.e. non-adiabatic vs. adiabatic, we observe that the sign of the 
phase encoding dimensions is flipped relative to the readout dimension - compare െܓ    inܓ
(29) vs. ܓ    in (31). Moreover, in order to form an echo, the sign of the readout gradientܓ
during the phase encoding step should be different for adiabatic and non-adiabatic field inversion 
(compare ሺܓ െ ܓሻ in (29) vs. ሺܓݏ   ሻ in (31)). Specifically, to form a gradient echo inܓݏ
the non-adiabatic case the gradient along the readout direction during the phase encoding step 
should be opposite to the gradient during the readout step, meaning we should select , i.e. 
ݏ ൌ 1 , in equation (15). In the case of an adiabatic field inversion these gradients should be 
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the same, so we should select െ, i.e. 	ݏ ൌ െ1 in (15). To paraphrase from the physical 
analogies presented in [12] the non-adiabatic field inversion forms “pancake” echoes in which 
precession direction does not change from the point of view associated with the magnetic field 
direction, but relative position between leading and lagging spins is “flipped.” The adiabatic 
transition forms ”race-track” echoes in which the precession spontaneously reverses with no 
change in relative position of spins. From eqs. (29) and (31) we see that the adiabatic and non-
adiabatic cases each result in different, but artifact free, echo images that may be analyzed in a 
straightforward manner. 
 
E. Intermediate Field Switching 
 

In the intermediate case, when we cannot attain a true non-adiabatic or adiabatic condition, the 

expression for the MRI signal will contain both ݁൫ܓೝିܓ൯⋅ܚ and ݁൫ܓೝାܓ൯⋅ܚ terms, or a mixture 
of both “pancake” and “racetrack” echo behavior.  We will show that this results in specific 
imaging artifacts that we will illustrate in detail.  
      Considering a “pancake” echo case, i.e., a non-adiabatic field rotation with ݏ ൌ 1, and 
neglecting the overall shift along the frequency encoding dimension ܚ, which always can be 
removed by demodulating the MRI signal, we can explicitly write the detected MRI signal 
during the first echo interval: 

 
ܵሺଵሻሺܓሻ ൌ  ܵ

ሺଵሻሺܓሻ
ଵ

ୀିଵ

 ܿ. ܿ. ൌ ܳିଵ,ିଵ
ሺିሻ න ݁ቀିܓାሺܓೝିܓబሻቁ⋅݁ܚఏషభ,షభሺܚሻܫሺܚሻ݀ଷݎ 	

ܳିଵ,ଵ
ሺିሻ  ݁ቀܓାሺܓೝାܓబሻቁ⋅݁ܚఏషభ,భሺܚሻܫሺܚሻ݀ଷݎ  ܳିଵ,

ሺିሻ  ݁ܓೝ⋅ܫܚሺܚሻ݀ଷݎ+c.c., 

(32) 

where ܓ ൌ െܓ  ܓ െ ሻܚሺܫ , andܓ ൌ หିܯଵ,ሺܚሻห. 

      It is convenient to visualize the terms ܵ
ሺଵሻሺܓሻ from equation (32) as k-space trajectories in 

order to understand physical meaning of these functions (see Fig. 2). 
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Fig. 2. K-space trajectories for the first echo. The dashed rectangle denotes the sampled area. The term ࡿሺሻ 

corresponds to the k-space trajectory during the phase encoding step. The term ିࡿ
ሺሻ describes the trajectory in the 

case of ideal non-adiabatic field inversion. Terms ࡿ
ሺሻ and ࡿ

ሺሻ arise in the case of non-ideal field inversion. 

      The first term in the right hand side of this equation, denoted ܵିଵ
ሺଵሻሺܓሻ, represents a properly 

encoded echo signal which will result in an artifact free image after applying a Fourier transform 
to equation (32).  

      The second term, denoted ଵܵ
ሺଵሻሺܓሻ due to offset ܓ does not form the echo signal and 

samples k-space outside the target area. Thus, if we select appropriately the extent of the sampled 
k-space to encompass the significant frequency content of the scene, an artifact image 
corresponding to this term is negligible. Note, however, that in this term phase encoded 
directions are inverted.  

      Finally, the third term in equation (32), ܵ
ሺଵሻሺܓሻ, represents a FID like signal due to the 

fraction of magnetization aligned with the measurement field at the time point right after the 
polarizing field is switched off. If the polarization and the measurement fields are exactly 
orthogonal and the polarization is switched off ideally non-adiabatically, then this term is equal 
to zero. However, if initially the magnetization is not perfectly orthogonal to the measurement 
field or the ideal non-adiabatic condition is not achieved during polarization field ramp down, 
then this term results in an artifact, which manifests itself as a bright line along the frequency 
encoding dimension, because, as may be seen from equation (32), this fraction of the 
magnetization is not phase encoded.  We will illustrate this artifact further below. 

      We can apply the same approach for steps 4 and 5 of the pulse sequence (see equations (19) 
and (20)) to obtain the detected MRI signal during the second echo: 

 ܵሺଶሻሺܓሻ ൌ   ܵᇲ,
ሺଶሻሺܓሻ

ଵ

ୀିଵ

ଵ

ᇲୀିଵ

 ܿ. ܿ. ൌ (33)

-2k0 -k0 0 k0 2k0 3k0

-k0

0

k0

k
x

k
y
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ൌ   ܳଵ,ᇲ
ሺାሻܳᇲ,

ሺିሻ݁ఝబ න ଵܶሺܓ, ሻܚ ܶᇲ
∗ሺ2ܓ, ,ଵܓሺܧሻܚ ݎሻ݀ଷܚଵ,ሺܯሻܚ

ଵ

ୀିଵ

ଵ

ᇲୀିଵ

 ܿ. ܿ., 

where ܓଵ ൌ ܓ   .. There are now two summations to account for two field inversionsܓ

      To analyze effects of the terms in equation (33) we explicitly write the equations for 

functions ܵᇲ,
ሺଶሻሺܓሻ: 

 

ଵܵ,ଵ
ሺଶሻሺܓሻ ൌ ܳଵ,ଵ

ሺାሻܳଵ,ଵ
ሺିሻ݁ఝబ න ݁ቀܓାሺܓೝିܓబሻቁ⋅݁ܚఏభ,భሺܚሻܫሺܚሻ݀ଷݎ ,

ଵܵ,
ሺଶሻሺܓሻ ൌ ܳଵ,ଵ

ሺାሻܳଵ,
ሺିሻ න ݁ሺܓೝିଶܓబሻ⋅݁ܚఏభ,బሺܚሻܫሺܚሻ݀ଷݎ ,	

ଵܵ,ିଵ
ሺଶሻ ሺܓሻ ൌ ܳଵ,ଵ

ሺାሻܳଵ,ିଵ
ሺିሻ ݁ିఝబ න ݁ቀିܓାሺܓೝିଷܓబሻቁ⋅݁ܚఏభ,షభሺܚሻܫሺܚሻ݀ଷݎ ,	

ܵିଵ,ଵ
ሺଶሻ ሺܓሻ ൌ ܳଵ,ିଵ

ሺାሻ ܳିଵ,ଵ
ሺିሻ ݁ఝబ න݁ቀܓାሺܓೝାଷܓబሻቁ⋅݁ܚఏభ,భሺܚሻܫሺܚሻ݀ଷݎ ,	

ܵିଵ,
ሺଶሻ ሺܓሻ ൌ ܳଵ,ିଵ

ሺାሻ ܳିଵ,
ሺିሻ න ݁ሺܓೝାଶܓబሻ⋅݁ܚఏభ,బሺܚሻܫሺܚሻ݀ଷݎ ,	

ܵିଵ,ିଵ
ሺଶሻ ሺܓሻ ൌ ܳଵ,ିଵ

ሺାሻ ܳିଵ,ିଵ
ሺିሻ ݁ିఝబ න݁ቀିܓାሺܓೝାܓబሻቁ⋅݁ܚఏభ,షభሺܚሻܫሺܚሻ݀ଷݎ ,	

ܵ,ଵ
ሺଶሻሺܓሻ ൌ ܳଵ,

ሺାሻܳ,ଵ
ሺିሻ݁ఝబ න ݁ቀܓାሺܓೝାܓబሻቁ⋅݁ܚఏభ,భሺܚሻܫሺܚሻ݀ଷݎ ,	

ܵ,
ሺଶሻሺܓሻ ൌ ܳଵ,

ሺାሻܳ,
ሺିሻ න ݁ܓೝ⋅݁ܚఏభ,బሺܚሻܫሺܚሻ݀ଷݎ ,	

ܵ,ିଵ
ሺଶሻ ሺܓሻ ൌ ܳଵ,

ሺାሻܳ,ିଵ
ሺିሻ ݁ିఝబ න ݁ቀିܓାሺܓೝିܓబሻቁ⋅݁ܚఏభ,షభሺܚሻܫሺܚሻ݀ଷݎ. 

(34)

The trajectories of the selected ܵᇲ,
ሺଶሻሺܓሻ having the greatest impact on the reconstructed image are 

shown in Fig. 3. 
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Fig. 3. K-space trajectories for the second echo. The dashed rectangle denotes the sampled area. The term ࡿ,
ሺሻ 

describes the trajectory in the case of ideal non-adiabatic field inversion. All other terms arise in the case of non-
ideal field inversion. 

      From equations (34) and Fig. 3 we can see that the term ଵܵ,ଵ
ሺଶሻሺܓሻ corresponds to the main 

image from the second echo. Note that during the second echo the phase encoding directions are 

flipped relative to the first echo (compare ܵିଵ
ሺଵሻሺܓሻ and ଵܵ,ଵ

ሺଶሻሺܓሻ). 

     The term ܵ,ିଵ
ሺଶሻ ሺܓሻ, as is evident from Fig. 3, forms an echo signal that produces a “ghost” 

artifact that is flipped about the phase encoding direction, relative to the main image, with 

different phase and amplitude. Taking into account that ܵ,ିଵ
ሺଶሻ ሺܓሻ is proportional to ܳ,ିଵ

ሺିሻ , the 
physical meaning of this term becomes clear: this signal is caused by the component of 
magnetization aligned with the measurement field after the first field inversion (step 2 of the 
pulse sequence, see equation (16)), due to non-ideality of the inversion. During the first echo 
readout this magnetization vector, being aligned with the magnetic field, stays constant and does 
not contribute to the MRI signal. However, it comes into play again after the next non-ideal field 
inversion, resulting in an echo signal during the second echo readout. 

      The terms ଵܵ,
ሺଶሻሺܓሻ and ܵ,

ሺଶሻሺܓሻ form FID like signals, respectively, coming into phase and 

coming out of phase, resulting in the line artifact similar to that due to ܵ
ሺଵሻሺܓሻ. The remaining 

terms, i.e. ଵܵ,ିଵ
ሺଶሻ ሺܓሻ, ܵିଵ,ିଵ

ሺଶሻ ሺܓሻ, ܵ,ଵ
ሺଶሻሺܓሻ, etc., result in vanishing artifacts similar to the artifact 

caused by the term ଵܵ
ሺଵሻሺܓሻ (i.e. at high frequencies). 

      Repeating these combinatory exercises, i.e., constructing terms proportional to 

ܳേଵ,ᇲᇲᇲ
ሺേሻ …ܳᇲᇲ,ᇲ

ሺାሻ ܳᇲ,
ሺିሻ, one can derive formulae for the detected MRI signal during any subsequent 

echo interval. We note that in the case of adiabatic field inversion the same analysis applies and 
similar artefacts will appear due to inability to achieve a true adiabatic field rotation. 
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F. Numerical Examples 
 

To estimate the magnitude of the ܳᇲ,
ሺേሻ coefficients we will consider two special cases of a non-

ideal non-adiabatic field inversion, i.e. the intermediate case, where |߱ሺݐሻ| ൏ |߰ሺݐሻ|, but the 
term ߱܊መ 

ൈ cannot be neglected in equation (7). 
      In the first case, we assume that the direction of the effective magnetic field in the rotating 
frame of reference is constant. This stat condition means that the magnetic field is rotated around 
a static axis ܝෝ ൌ cosሺαሻ ො௫܍  sinሺαሻ ሻݐሻ/߰ሺݐො௬ in such manner that ߱ሺ܍ 	ൌ ܽ/ܾ ൌ  where ,ݐݏ݊ܿ
ܽ and ܾ are constants such that ܽଶ  ܾଶ ൌ 1. In this case the matrix ܃േ, being the solution of 
equation (7) with ષ

ൈ ൌ ߱ሺݐሻሺേܽ܍ොൈ   :ෝൈሻ, is equal toܝܾ

േ܃  ൌ ݁ିఝ܊
መ

ൈ

, (35)

where ܊መ 
ൈ ൌ േܽ܍ොൈ  ߮	 ෝൈ,ܝܾ ൌ  ߱ሺݐ′ሻ݀ݐ′

்ೡ
 , and		߱ሺݐሻ ൌ ඥ߱ଶሺݐሻ  ߰ଶሺݐሻ. 

      Expanding the matrix ݁గܝෝ
ൈ
⋅ |ሻݐേ in a Taylor series assuming |߱ሺ܃ ൏ |߰ሺݐሻ|, and keeping 

only terms to the second order of ܽ/ܾ, we obtain the following expression for the coefficients 

ܳᇲ,
ሺേሻ, which we will write in matrix notation: 

 

ሺേሻۿ ≡ ቂܳᇲ,
ሺേሻቃ ൌ 

1 0 0
0 1 0
0 0 1

൩ േ √2ε 
0 ݁ି 0

െ݁ 0 െ݁ି

0 ݁ 0
൩ 	

εଶ

ۏ
ێ
ێ
ێ
ێ
ێ
ۍ െ1 െ

ߨ݅

2√2
݁ି െ݁ିଶ

െ
ߨ݅

2√2
݁ െ2

ߨ݅

2√2
݁ି

െ݁ଶ
ߨ݅

2√2
݁ െ1

ے
ۑ
ۑ
ۑ
ۑ
ۑ
ې

 ܱሺεଷሻ. 

(36)

Here ε ൌ ܽ/ܾ, the first index enumerates rows of the matrix and the second index enumerates 
columns. From equation (36) it follows that for the first echo the amplitude of the artifact free 
image is proportional to ሺ1 െ 2εଶሻ, while the amplitude of the line artifact is proportional to ε.      
During the second echo the amplitude of the primary image corresponding to the term ଵܵ,ଵ

ሺଶሻሺܓሻ in 
equation (34) is proportional to ሺ1 െ 2εଶሻଶ, while amplitude of the “ghost” artifact 

corresponding to the term ܵ,ିଵ
ሺଶሻ ሺܓሻ is proportional to εଶ, and amplitude of the line artifacts from 

terms ଵܵ,
ሺଶሻሺܓሻ and ܵିଵ,ିଵ

ሺଶሻ ሺܓሻ is proportional to ε and εଶ, respectively. 

       As a second example we assume that the magnetic field is rotated around a static axis ܝෝ 
defined previously in such manner that rotation from 0 to angle ε happens adiabatically, then 
from angle ε to angle ߨ െ ε the rotation is non-adiabatic, and, finally, rotation from angle ߨ െ ε 
to ߨ is again adiabatic.  This case describes inversion of a field in the presence of a smaller 
constant orthogonal field. In this case we can write the matrix ݁గܝෝ

ൈ
⋅  േ as a combination of the܃

following rotations: 
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 ݁గܝෝ
ൈ
⋅ േ܃ ൌ ݁గܝෝ

ൈ
⋅ ݁േణഄ܍ො

ൈ
⋅ ݁ିሺగିଶகሻܝෝ

ൈ
⋅ ݁േణഄ܍ො

ൈ
, (37)

where the phase angle ߴఌ ൌ  ߱ሺݐ′ሻ݀ݐ′ഄ்

 , and ఌܶ is defined by the condition ε ൌ  ߰ሺݐ′ሻ݀ݐ′ഄ்

 .  

Equation (37) may be evaluated explicitly to compute the coefficients ܳᇲ,
ሺേሻ according to equation 

(23): 

ሺേሻۿ  ൌ

ۏ
ێ
ێ
ێ
ێ
ێ
ۍ cosଶ	ሺεሻ െ

݅

√2
sin ሺ2εሻ݁േ sinଶ ሺεሻ݁ଶേ

െ
݅

√2
sin	ሺ2εሻ݁ିേ cos	ሺ2εሻ

݅

√2
sin	ሺ2εሻ݁േ

sinଶ	ሺεሻ݁ିଶേ
݅

√2
sin ሺ2εሻ݁ିേ cosଶ ሺεሻ

ے
ۑ
ۑ
ۑ
ۑ
ۑ
ې

, (38)

where Φേ ൌ േ ఌߴ െ  Expanding equation (38) in a Taylor series and keeping only terms up to .ߙ
the second order of ε we obtain the following equation: 

 

ሺേሻۿ ൌ 
1 0 0
0 1 0
0 0 1

൩  √2ε 
0 െ݅݁േ 0

െ݅݁ିേ 0 ݅݁േ

0 ݅݁ିേ 0
൩ 	

εଶ 
െ1 0 ݁ଶേ

0 െ2 0
݁ିଶേ 0 െ1

൩  ܱሺεଷሻ. 

(39)

This last expression is very similar to equation (36), and again the terms ܳ,േଵ
ሺേሻ  and ܳേଵ,

ሺേሻ  are 

proportional to ε, diagonal terms ܳ,
ሺേሻ are proportional to ሺ1 െ 2εଶሻ, and anti-diagonal terms 

ܳേଵ,∓ଵ
ሺേሻ  are proportional to εଶ. 

 

Fig. 4 illustrates these effects in a general case using numerical simulation. 
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a) Non-adiabatic: 

 
b) Adiabatic: 

 
c) Intermediate: 

 
d) Intermediate, ݉ሺܚሻ is set to 0 at the beginning of the first echo readout. 

 
 

Fig. 4. Numeric simulation of adiabatic vs. non-adiabatic transition. The horizontal coordinate corresponds to the 
frequency encoded direction, and the vertical coordinate represents the phase encoded direction, which is flipped for 
the second and fourth echo. 

      The top row in  

Fig. 4 shows four reconstructed echo images (using the pulse sequence in Fig. 1) wherein the 
direction of the magnetic field was flipped in the ideal non-adiabatic condition. The second row 
represents the ideal adiabatic condition, and we see that object position at odd numbered echoes 

Echo #1 Echo #2 Echo #3 Echo #4

Echo #1 Echo #2 Echo #3 Echo #4

Echo #1 Echo #2 Echo #3 Echo #4

Echo #1 Echo #2 Echo #3 Echo #4
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is flipped about the readout axis. The flipping is due to the ݁൫ܓೝିܓ൯⋅ܚ term in (29), as 
compared to the ݁൫ܓೝାܓ൯⋅ܚ term in (31).  

      The third row of  

Fig. 4 illustrates the intermediate case, wherein the presence of both terms, i.e. ݁൫ܓೝିܓ൯⋅ܚ and 

݁൫ܓೝାܓ൯⋅ܚ, results in ghost artifacts for which the amplitude increases in each successive echo. 
Here it is assumed that 10% of the magnetization was initially aligned with the measurement 
field, resulting in the line artifact apparent in the figure. 

The fourth row illustrates the case wherein the residual magnetization along the z-axis is 
intentionally set to zero after the first field inversion, i.e. at the beginning of the first echo 
readout. In this case the “ghost” artifact in the second echo is removed. 
 
 

III. EXPERIMENTS 
 

To illustrate how these ghost artifacts can appear in 
a real imaging system, we show results from a 
ULF-MRI machine constructed for the detection of 
liquid explosives [20].  Due to space constraints, the 
magnetic shield for this system was far closer to the 
sample volume than in most of our other systems. 
The pulse sequence shown in Fig. 1 was used, but 
the actual field switching falls into the intermediate 
case at a Larmor frequency of ~3 kHz.  Fig. 5 shows 
the x-y-z components of the Bm field during a pulse 
sequence as measured by a fluxgate at the iso-center 
of the system. The elliptical nature of the vector 
path is due to transient fields induced by switching 
the polarity of the measurement field Bm, and 
illustrates rotation of the magnetic field during the 
switching. The magnitude of the measurement field 
Bm is about 90 T, and the magnitude of the transient fields orthogonal to Bm is about 3 T.  
      Illustrative echo images from the device are shown in Fig. 6. To obtain the images presented 
here we used a two dimensional gradient echo sequence. Four echoes were acquired. Parameters 
of the imaging sequence are summarized in Table 1. 

 

Table 1. Parameters of the imaging sequence 

Polarization time, ܶ 3000 ms 
Encoding time, ܶ 50 ms 
Readout time, ܶ 100 ms 
Readout gradient, ܩ௫ 2.0 Hz/mm 
Number of phase encoding steps, ௬ܰ 41 

 

Fig. 5.  Measurement field inversion in one 
experimental ULF-MRI system: 3D representation of 
magnetic field vector trajectory during the transition 
from one polarity to the other. 
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Phase encoding gradient range, ܩ௬ 1.4 Hz/mm
Phase encoding gradient step, ∆ܩ௬ 35 mHz/mm
Total imaging time, ௧ܶ௧ 231 s 
 

A uniform water phantom consisting of a cylinder ~250 mm in diameter and 75 mm deep was 
placed in the system, and the images shown are for one of the 7 sensors used for full imaging.  

      The bright spot in the upper left of the images represents the sensitivity of that particular 
channel to the water phantom, shown clearly and accurately in the first echo. In the middle row 
we show images from subsequent echoes wherein field switching is as described by the blue 
trace (top row), that is, not fast enough compared to the residual fields to achieve the ideal non-
adiabatic condition. In the bottom row we show images after faster field switching was 
implemented (top row, green trace). The ghost artifact in the middle row for the second and 
following echoes appears with increasing amplitude in each subsequent echo due to the effects 
described above.  Although it might appear much like an aliasing artifact, this phenomenon is in 
fact the result of failure to attain a true non-adiabatic inversion of the measurement field. 
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Fig. 6. Top row: measurement field inversion recordings, middle row: echo images for “slow” (blue trace) field inversion, bottom 
row: echo images for “fast” (green trace) field inversion. 

 

 

IV. DISCUSSION & CONCLUSIONS 
 

The pursuit of MRI at ULF by our group and others has necessitated a reexamination of the 
influence of transient magnetic fields produced in nearby conducting materials. In particular, 
these effects can become quite pronounced at ULF because the method relies on pulsed pre-
polarization in the vicinity of conductive magnetic shields (mu-metal and/or aluminum), and the 
measurement and gradient fields themselves are low enough to be comparable to the transient 
fields produced.  One of the effects of transient fields associated with the inversion of the 
measurement field during a multiple gradient echoe imaging sequence is that a true non-adiabatic 
field inversion cannot be achieved. In this paper we have introduced a general theoretical 
framework describing the origin of a “ghost” artifact associated with failure to achieve a true 
non-adiabatic inversion of the measurement field. We have shown that this model can accurately 
explain the artifacts observed in a ULF MRI system during a multiple echo imaging sequence. 

Echo #1 Echo #2 Echo #3 Echo #4

Echo #1 Echo #2 Echo #3 Echo #4
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While better design of pre-polarization fields [21] and shielding [22] can mitigate these effects, 
here we present a framework that can explain and provide a foundation for correction of these 
artifacts.  
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